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A controversial blog

“The biggest lesson that can be read from 70 years of AI research
is that general methods that leverage computation are ultimately
the most effective, and by a large margin. (..) Seeking an
improvement that makes a difference in the shorter term,
researchers seek to leverage their human knowledge of the domain,
but the only thing that matters in the long run is the leveraging of
computation.”
http:

//www.incompleteideas.net/IncIdeas/BitterLesson.html
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Inductive Bias

The inductive bias of a learning algorithm is the set of assumptions
that the learner uses to predict outputs given inputs that it has not
encountered.

Example 1: in a Bayesian model, inductive biases are typically
expressed through the choice and parameterization of the prior
distribution.

Example 2: the weight-sharing architecture of a convolutional
neural network induces an inductive bias of translational
invariance. It is a spatial inductive bias because it builds in specific
assumptions about the spatial structure of natural images.
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More on Inductive Bias

An inductive bias might be a regularization term added to avoir
overfitting. Inductive biases can be understood in terms of the
bias-variance tradeoff.

Ideally, inductive biases both improve the search for solutions
without substantially diminishing performance, as well as help find
solutions which generalize in a desirable way.

Main problem: understand inductive bias for graphs in order to
design principled machine learning algorithms.
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What I will not discuss: community detection



Machine learning with graphs

Basic question : how to represent a graph G = (V ,E ) as input to
a machine learning algorithm?

Goal : build a feature vector in Rd from a graph that is relevant
for the learning task.

Example : graph classification task.
To make it even more precise, classify active vs. inactive molecules.
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What is a good graph representation?

Requirement 1 : for two isomorphic graphs, the representations
should be the same.

Requirement 2 : for two non-isomorphic graphs, the
representations should be distinct.

But then we solve the graph isomorphism problem!
In the worst case, to get fast computable representations, we need
to relax our requirements.

We are not dealing with worst case but with datasets. We want to
extract features relevant for the classification for a specific dataset.
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Graphs are not images!

Result of seeing an image where nodes are pixels and where we
replace the grid by the complete graph:



Invariant graph embedding

A graph embedding (or graph feature) is a function F mapping
graphs to vectors in Rd , where d is called the dimension of the
embedding.
A graph embedding is invariant if for any two isomorphic graphs G
and H, we have F(G ) = F(H).

Let 0 = λ1 6 λ2 6 . . . 6 λn be the eigenvalues of the graph
Laplacian L = D − A, then F(G ) = (λ2, . . . , λk+1) if n > k + 1
and F(G ) = (0, . . . , 0, λ2, . . . , λn) if n 6 k is an invariant
embedding.
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Embedding of nodes

An embedding of nodes is a function E mapping a graph of size n
to a vector (E(G )(i))i∈V ∈ Rd×n. For a graph G , E(G )(i) ∈ Rd is
the embedding of node i from graph G .
An embedding of nodes is equivariant if for any two isomorphic
graphs G and H such that H = π(G ) for a permutation π, we
have E(H)(i) = E(G )(π(i)) for all i ∈ V .

From an equivariant embedding of nodes, it is straightforward to
create an invariant graph embedding, we just need to apply a
symmetric funtion. A very simple choice is just to sum the nodes’
embeddings:

F(G ) =
∑
i∈V
E(G )(i).
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Spatial graph embedding

Let P = D−1A be the transition matrix for the random walk on G .
Then 1TPk = (xk(1), . . . , xk(n)) is a vector where xk(j)/n is the
probability for a random walk started uniformly at random on the
graph to be in position j after k steps and is an equivariant
embedding of nodes.

For a graph of size n, we define

f (x1, . . . , xn) = (`(x1, . . . , xn; ti ))16i6m ,

where t1 < t2 < · · · < tm are fixed parameters and

`(x1, . . . , xn; t) =

∑
i xie

txi∑
j e

txj
∈ R.
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Other spatial graph embeddings: graph kernels

Graphlets represent graphs as counts of all types of subgraphs of
size k ∈ {3, 4, 5}
Possible variations by counting only trees, cycles or specific
patterns.

Weisfeiler-Lehman graph kernels extend these graphlets using the
naive vertex refinement of Weisfeiler-Lehman Test of isomorphism.
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Spectral graph theory

Recall that L = D − A is the Laplacian of the graph and the
spectral theorem yields L = UΛUT , where Λ = diag(λ1, . . . , λn) is
the diagonal matrix of eigenvalues of L and U = (u1, . . . , un) is the
matrix of corresponding eigenvectors, with UTU = I and
u1 = 1/

√
n.

Let X =
√

Λ+UT where Λ+ = diag(0, 1/λ2, . . . , 1/λn) denotes the
pseudo-inverse of Λ. The columns x(1), . . . , x(n) of the matrix X
define an embedding of the nodes in Rn, each dimension
corresponding to an eigenvector of the Laplacian.
The Gram matrix of X is the pseudo-inverse of the Laplacian:

XTX = UΛ+UT = L+.

In words, the graph is completly encoded in the nodes’ embedding
X , without any loss of information.
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Geometric interpretation (1)

Let Hij be the mean hitting time of node j from node i for the
continuous-time Markov chain with generator matrix −L.
Then we have Hij = n(x(j)− x(i))T x(j), hence the mean
commute time between nodes i and j is:

Cij = Hij + Hji = n‖x(i)− x(j)‖2.

Proposition

We can reconstruct the adjacency matrix form the matrix of
commute times.
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Geometric interpretation (2)

Also all the information about the graph is contained in the relative
geometry of the x(i)’s, their intrinsic values also carries relevant
information. Here, we state Fiedler’s nodal domain theorem:

Theorem (Fiedler (1975))

for any k > 2, let Wk = {i ∈ V , xk(i) > 0}. Then the graph
induced by G on Wk has at most k − 1 connected components.

This implies that for low values of k , nodes i with non-negative
entries xk(i) tends to be well-connected.



Spectral graph embedding (1)

We can apply the symmetric function `(, ; t) to the vector of x(i)’s
componentwise, however this will not produce an invariant graph
embedding.
Problem : as soon as an eigenvalue has multiplicity larger than 2,
the associated eigenvectors are defined up to a rotation. Even if all
eigenvalues have multiplicity one, the eigenvector is only defined
up to a sign.

Solution for graphs with all eigenvalues with multiplicity 1: take an
even function.
However, we loose the notion of Fiedler’s nodal domain.
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Spectral graph embedding (2)

To incorporate the information contained in the commute times,
we compute the dot products x(i)T x(j) for 1 6 i , j 6 n. Then, we
’flatten’ this matrix to obtain a vector of size n2 and pass this
vector through our symmetric function `(.; t).
This is clearly an invariant embedding of the graph.

Even if we can reconstruct the original graph from the matrix
(x(i)T x(k))16i ,k6n, our embedding will not allow to reconstruct
the graph because it only characterizes the multi-set
{x(i)T x(k), 1 6 i , k 6 n} which does not a priori characterize the
graph up to isomorphisms.
Question : what information on the graph did we loose by
considering only the statistics of the commute times?
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Classification accuracy for some bioinformatic network datasets.
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Towards learnable embeddings

In order to learn our graph embedding, we assume that we start
from an embedding of the nodes (E(G )(i))i∈V and need to learn
the symmetric function f able to create the best graph embedding
F(G ) = f (E(G )(i)i∈V ) for the classification task on the given
dataset.

Theorem
Let f : [0, 1]k×n → Rm be a smooth symmetric function: for all
x , y ∈ [0, 1]k×n such that infσ supi |xσ(i) − yi | 6 δ, we have

|f (x)− f (y)| 6 ε. In this case, for K = d3δ e
k , there exists a

function g : RK → R and a function h : Rk → RK such that for all
xi ∈ [0, 1]k , ∣∣∣∣∣f (x1, . . . , xn)− g

(
n∑

i=1

h(xi )

)∣∣∣∣∣ 6 ε.
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Learning node embedding with Graph Neural Networks

GNNs use the graph structure and node features Xv to learn a
representation vector of a node hv by following a neighborhood
aggregation strategy: we iteratively update the representation of a
node by aggregating representations of its neighbors.
Formally for the k-th layer, we get:

What can you take for the aggregate and combine functions?

Graph Invariant Network: GIN (ICLR 2019).
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End-to-end learning with Graph Invariant Network



How powerful useful are Graph Neural Networks?

Answer: as useful as the dataset they are trained on!
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Some perspectives: between statistics and optimization

Graph alignement problem:

Average case analysis: inductive bias is captured by the
probabilistic model!



A new perspective on the GAP

Main idea: create your own dataset!
From a set of graphs, you can generate as many permuted graphs
as you want like in self-supervision.

Hope: so far, algorithms rely on heuristics, here a ML approach
could find better heuristics working on a given dataset.

Many variants to explore: use ideas from Adversarial Networks or
Reinforcement Learning for better exploration of the space of
permutations.
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Conclusion

What you need to keep in mind when dealing with graphs!

There are a lot of cases where we have access to a labeled dataset
covering a small fraction of the domain and in these cases,
leveraging the human knowledge of the domain seems the only
sensible thing to do. Black-box approaches are useless and
interpretable features need to be provided to the experts.

There are a lot of cases where we have access to a large unlabeled
dataset. In such unsupervised settings, the best way to help the
experts is to concentrate on hard computational tasks and try to
leverage computation in the most effective way given the dataset...

Playing the race for the best accuracy on noisy datasets is useless
but... probably a good strategy to get published!
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Thank you for your attention !


